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Abstract—We consider the transmission of a Gaussian source
through a block fading channel. Assuming each block is decoded
independently, the received distortion depends on the tradeoff between quantization accuracy and probability of outage.
Namely, higher quantization accuracy requires a higher channel
code rate, which increases the probability of outage. We first
treat an outage as an erasure, and evaluate the received mean
distortion with erasure coding across blocks as a function of the
code length. We then evaluate the performance of scalable, or
multi-resolution coding in which coded layers are superimposed
within a coherence block, and the layers are sequentially decoded.
Both the rate and power allocated to each layer are optimized.
In addition to analyzing the performance with a finite number
of layers, we evaluate the mean distortion at high Signal-toNoise Ratios as the number of layers becomes infinite. As
the block length of the erasure code increases to infinity, the
received distortion converges to a deterministic limit, which is less
than the mean distortion with an infinite-layer scalable coding
scheme. However, for the same standard deviation in received
distortion, infinite layer scalable coding performs slightly better
than erasure coding, and with much less decoding delay.
Index Terms—Source-channel coding, scalable coding, fading
channel, broadcast channel, rate distortion.
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I. I NTRODUCTION

RANSMISSION of a continuous source, such as an
image or video, through a fading channel must account
for distortion due to both quantization and channel-induced
errors. If the channel code-word is sufficiently long, i.e.,
extends over multiple fading cycles, then the ergodic capacity
can be used to determine the achievable information rate,
which in turn determines the (fixed) source rate. However,
a slowly-varying fading channel and/or short channel codewords, relative to the channel variations, can lead to outages,
which substantially increase the received distortion. The tradeoff between distortion due to source quantization and channelinduced distortion in the presence of fading has been studied
for different source models in [1]–[5]. Other related work
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on optimization of source and channel coding parameters in
different contexts is presented in [6]–[13].
In this paper we consider the use of erasure and scalable
codes, which can be used to compensate for channel fading.
Namely, erasure codes can eliminate errors due to outages,
whereas scalable codes attempt to match the transmitted rate
to the channel conditions. To provide insight, we consider a
model in which a continuous Gaussian source is transmitted
through a block Rayleigh fading channel. In the absence of
delay constraints, the distortion is minimized by coding over
coherence blocks. The source rate should then be matched to
the channel code rate, which can be no greater than the ergodic capacity. However, with a decoding delay constraint the
ergodic capacity cannot always be achieved, making it more
difficult to identify an appropriate source rate.1 Moreover, in
some applications it may not be computationally feasible to
code optimally over coherence blocks.
The erasure coding scheme contains an inner code, which
achieves the capacity for a particular Signal-to-Noise Ratio
(SNR). The achievable rate can then be characterized in terms
of the outage capacity [15]. Namely, an outage occurs when
the actual SNR falls below the SNR associated with the
code rate. Increasing the source rate therefore decreases the
distortion due to quantization, but increases the probability of
outage due to the associated increase in channel code rate.
An outer erasure code is concatenated with the inner code
to correct the errors due to outages. Although this concatenated coding scheme is suboptimal (i.e., does not achieve
the ergodic capacity), it is relatively simple. We optimize
the inner channel code rate to maximize the capacity of
the resulting erasure channel, assuming infinite-length erasure
codewords, and compare the distortion with that associated
with the ergodic capacity. Numerical results show that the gap
between distortions for the two schemes is relatively small for
small SNRs, but increases with SNR. We also characterize the
standard deviation of the distortion (over channel realizations)
as a function of the length of the erasure code.
We then consider the performance of scalable source coding, where for each coherence block the source is partitioned
into layers representing successive refinements of the quantizer. Each layer, corresponding to a particular quantizer, can
have a different rate and power, and all layers are transmitted
simultaneously as a superposition code [16, Ch. 14]. The
1 If the source and channel bandwidths are the same, then for our model
uncoded (analog) transmission of the source symbols is optimal [10], [14].
However, this is not true for mismatched bandwidths, and for pre-quantized
sources.
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layers are sequentially decoded, and the loss of a particular
layer implies the loss of all succeeding layers. The received
distortion for a given channel state then depends on how
many layers are decodable. Here the Gaussian source provides
additional flexibility since it is inherently refinable [17]. The
effective code rate and distortion for each coherence block
therefore depend upon the random channel state.
We first evaluate the mean distortion of a scalable code with
two layers, and present a numerical method for evaluating the
mean distortion with more layers. We then evaluate the mean
distortion with an infinite number of layers at high SNRs. In
that case, we obtain closed-form expressions for the power and
rate allocations across layers along with the minimum mean
distortion, and the associated standard deviation. Finally, we
present numerical results, which compare the distortions for
both schemes as a function of SNR. Specifically, the deterministic, or channel-independent, distortion with an infinite-length
erasure code is less than the mean distortion, averaged over
channel realizations, with infinite-layer (finite-length) scalable
coding. This gap increases with SNR.
With a finite-length erasure code the mean distortion depends on the particular sequence of channel realizations. The
associated variance, with respect to the channel, decreases to
zero as the code length tends to infinity. Numerical results
show that if the length of the erasure code is adjusted so that
the standard deviation of the distortion is the same as that
produced by the scalable code, then scalable coding gives a
small improvement in mean distortion relative to the erasure
code. Furthermore, since the erasure code still spans multiple
coherence blocks, the associated decoding delay is much less
for the scalable coding scheme.
Scalable coding has been previously proposed for the transmission of a single source over a Rayleigh fading channel
[11], [12], [18]. In that work the transmitter views the communications medium as a degraded Gaussian channel with a
continuum of receivers (corresponding to an infinite number of
layers), each corresponding to a different fading level. There
the problem is to allocate rates across layers to maximize total
throughput, whereas here we allocate both rates and powers
to minimize the expected distortion.
Related work on the performance of scalable coding for
the same model as that considered here is presented in [13],
[19]. There the performance of the scalable coding scheme
considered here is compared with a sequential layered coding
scheme in which refinement layers are transmitted sequentially over successive time slots in a single coherence block.
(Sequential layering is also considered in [20], where the
rates and channel codewords (but not powers) across layers
are numerically optimized.) The performance metric in [13],
[19] is the distortion exponent, introduced in [4], which is the
asymptotic (large-SNR) decay rate of the mean distortion with
SNR. It is shown in [13], [19] that the infinite-layer scalable
coding scheme achieves the optimal distortion exponent. The
distortion exponent is used to compare the performance of
other related coding schemes in [10], [21], [22].
Based on our finite-SNR results, we find that the distortion
exponents for infinite-length erasure coding, optimal coding
(corresponding to the ergodic capacity), and infinite-layer
scalable coding are the same. Furthermore, this exponent is
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also obtained when transmitting the Gaussian source over
an Additive White Gaussian Noise (AWGN) channel at the
channel capacity. Hence this metric cannot be used in general
to infer relative performance at finite SNRs. (See also [10].)
Other related work on hybrid digital-analog transmission
for parallel fading channels is presented in [10], [21], [23]–
[25]. A broadcast (scalable) code is proposed in [24], although
only power is optimized across the layers, which are assigned
the same source rate. Earlier work on progressive layered
multimedia transmission has appeared in [26]–[28], where the
focus is mostly on practical implementations of the proposed
schemes. Enhancement of scalable video coding to provide
fine granular scalability is discussed in [29], [30]. That work
serves as practical motivation for considering an infinite-layer
scalable code.
The outline of the paper is as follows. In the next section, the system model and preliminary results are presented,
assuming single-layer encoding of the source. Section III discusses the performance with erasure codes. The performance
of scalable coding with two layers is analyzed in Section IV.
This analysis is extended to more than two layers in Section
V, and to a continuum of layers in Section VI. A numerical
comparison of the performance of erasure and scalable coding
is presented in Section VII. Finally, high SNR performance
results are derived in the appendix.
II. S INGLE L AYER
We consider transmitting an i.i.d. Gaussian source sequence
X = {Xi }K
i=1 over a block Rayleigh fading channel. Each
Xi is a real Gaussian random variable with zero mean and
variance σx2 = 1. The source encoding function maps X to
an index i in the set C = {1, ..., eKR }, and the decoder maps
an index in C to an estimate X̂. Distortion is measured in the
mean squared error (MSE) sense, i.e.,
K
2
1 
Xi − X̂i ,
M SE =
K i=1

where X̂i is the reconstructed value of the ith sample. The
rate-distortion function is [16]
D(R) = e−2R ,

(1)

where R is the source information rate in nats per source
sample and D is the distortion.2
The channel capacity, conditioned on the channel gain h, is




hP
hP
1
C
= log 1 +
,
(2)
N
2
N
in nats per second per Hz (per dimension), where P is the
transmitted power, and N is the noise power. Since the channel
gain h is exponentially distributed, the capacity is a random
variable with cumulative distribution function (cdf) [15]


 
hP
< Rt = 1 − exp −γ −1 e2Rt − 1 , (3)
Pr C
N
where γ =

HP
N

is the (average) SNR, and H = E[h].

2 Throughout the paper we are going to use exp(x) and ex interchangeably,
to denote the value of the exponential function at x.
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Fig. 1. System Model: K source symbols span a coherence time, h is the
channel gain, and N is AWGN.

For a desired transmission rate Rt we will denote the outage
probability as p. Referring to Fig. 1, during each (fixed)
coherence time T , the source emits a sequence of K source
symbols, represented by the vector X, and the channel encoder
maps the output of the source encoder to a sequence of L
channel symbols X̄ = {X̄1 , ..., X̄L }. Since we use the channel
L times to represent KR source nats, the channel code rate,
Rt = KR
L = αR, where the “processing gain” α = K/L [1],
[4]. We will assume optimal channel coding, in the sense of
achieving the outage capacity.
Suppose the source is transmitted over the fading channel
with (source) rate R. Two events can occur; (i) a bad channel
state is encountered with probability p, given by (3), which
results in a distortion at the receiver equal to the source
variance; (ii) αR < C(hP/N ) in which case the receiver
correctly decodes the message and the distortion is given by
D(R) in (1). Hence the expected distortion at the receiver is


 
hP
≥ αR
E[D] = D(R) · Pr C
N
 


hP
+1 · Pr C
< αR
N
= (D(R) − 1) · (1 − p) + 1.
(4)
We wish to minimize E[D] over the source rate R. The
optimal R satisfies the necessary condition
αe2R(α+1) − αe2Rα − γ = 0.
Solving this for the special case α = 1 yields


√
1
1 + 4γ
1
+
R∗ = log
,
2
2
2

(5)

and


√

√
1 − 1 + 4γ
1 − 1 + 4γ
√
exp
E[D(R∗ )] =
+ 1. (6)
2γ
1 + 1 + 4γ

In analogy with (4) we can also compute the moment
generating function of D(R∗ ) for α = 1, which is given by
Φ(s)

∗

= E[esD(R ) ]
∗

= esD(R ) (1 − p) + es p


2(s − 1)
√
= exp
1 + 1 + 4γ


√

1 − 1 + 4γ
+ exp(s) 1 − exp
.
2γ
Since E[D2 (R∗ )] = Φ (0) from the above expression we can
compute
√
2 1 − 2γ − 1 + 4γ 1−√1+4γ
2
∗
e 2γ
+ 1.
E[D (R )] =
√
2
1 + 1 + 4γ

Fig. 2.
System Model with Erasure Coding: Each Xi , i = 1, . . . , U ,
contains K source symbols. The erasure code rate is U/V .

Note that for an Additive White Gaussian Noise (AWGN)
channel the capacity is
CAWGN =

1
log(1 + γ),
2

the optimal source rate is
RAWGN = CAWGN /α =

1
log(1 + γ),
2α

and the (deterministic) distortion is
1

DAWGN = (1 + γ)− α .

(7)

For the block Rayleigh fading channel, if the transmitter
codes over many blocks, then the optimal channel rate is the
ergodic capacity


 

1
1
Ph
1 γ1
log 1 +
Cerg = E
= e E1
,
2
N
2
γ
where E1 (x) =

+∞ e−xt
t dt.
1

Derg

The distortion in this case is

=

e−2Cerg /α

=

eγ
E1
exp −
α

1

 
1
.
γ

(8)

III. E RASURE C ODES
We now view the channel as a symbol erasure channel,
where each symbol refers to a channel codeword X̄, and the
erasure probability is the outage probability due to fading. For
the time being, if we assume that the erasure code spans an
infinite number of blocks, then the achievable rate is given by
the capacity [16]
−1
2αR
Cera = log(|C|)(1 − pera )/L = αRe−γ (e −1) ,

(9)
KR

where |C| is the cardinality of the symbol set C, i.e., e
−1
2αR
in our case, and pera = p = 1 − e−γ (e −1) is the outage
probability. Since the capacity is deterministic in this case, the
distortion Dera = e−2Cera /α .
The source rate that maximizes Cera satisfies 2αRe2αR =
γ, and the unique real solution is given by
1
W(γ),
(10)
2α
where W(·) is Lambert’s W function (also called Omega
function), and is the inverse function of f (x) = xex . The
corresponding received distortion is


−1
W(γ) − eW(γ)
∗
γ
e
= exp −
Dera
.
(11)
α
∗
Rera
=

We now evaluate the mean distortion when a finitelength erasure code is used. Referring to Fig. 2, the erasure
code maps U code words generated by the inner code,
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{X̄1 , X̄2 , ..., X̄U }, to V code words {X̄1 , X̄2 , ..., X̄V }. The
code words {X̄1 , X̄2 , ..., X̄V } traverse the channel sequentially; each spans a channel coherence block of duration T ,
as before. In this case the information (source) rate is RU/V ,
whereas the inner code rate remains αR. The source bits are
assumed to be interleaved across the V code words, so that
the distortion statistics do not change from block to block. In
what follows, we assume a linear (V, U, d) erasure channel
code [31] with minimum distance d, i.e., the U information
codewords can be recovered from (V − d + 1) codewords.
Furthermore, we assume that d = V −U +1, corresponding to
a Maximum Distance Separable (MDS) code. In that case, the
U information codewords can be recovered from any subset
of U correctly decoded codewords.
The expected distortion corresponding to source rate R and
erasure code rate U/V is given by


U
R Pr[C] + (1 − Pr[C]),
(12)
E[D] = D
V
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(a)

where C is the event that at least U code words are correctly
decoded, i.e.,

V 

V
Pr[C] =
(1 − p)i pV −i
i
i=U

V
−U 
V
=
pi (1 − p)V −i ,
i
i=0

where p is the outage probability for each block, given by (3).
Given U and V , we select R to minimize E[D] in (12).
∗
in (10) and the
As V → ∞ with fixed U/V , R → Rera
corresponding outage, or erasure probability pera = 1 − U/V .
For α = 1, and γ = 10, 15, 20 dB, the corresponding optimal
∗
= 0.87, 1.26, 1.69 nats per source
rate from (10) is Rera
sample, respectively, and the corresponding optimal erasure
code rates can be approximated as U/V = 3/4, 7/10, 4/5.
Fig. 3 shows the minimum E[D] and the corresponding
standard deviation versus V for fixed U/V . We see that E[D]
decreases with V (and tends to a finite limit, designated by the
dotted straight line in the figure), and as expected, the standard
deviation tends to zero. If U = V , corresponding to no erasure
code, then the optimal rate R∗ = 0.65, 0.90, 1.20 nats per
source sample and E[D]∗ = −3.54, −5.40, −7.51 dB for
γ = 10, 15 , 20 dB respectively, which is significantly larger
than that achievable with an erasure code.
From the expression (11) we can evaluate the distortion
exponent of the erasure coding scheme, given by [4]
log E[D]
.
γ→∞
log γ

Δ = − lim

(13)

That is, the mean distortion is assumed to decrease as γ −Δ ,
and Δ reflects the diversity achieved by the coding scheme.
For the erasure coding scheme with infinite-length codewords,
∗
, and evaluating (13) gives Δ = 1/α.
E[D] is replaced by Dera
Furthermore, replacing E[D] by either Derg in (8) or DAWGN
in (7) gives the same distortion exponent. Hence the erasure
coding scheme achieves the optimal distortion exponent (i.e.,
achieved with an optimal block code). We defer a numerical
comparison of distortion with erasure and optimal coding for
finite SNRs to Section VII.

(b)
Fig. 3. (a) Minimum expected distortion and (b) the corresponding standard
deviation vs V for various values of γ (the dotted lines in (a) are the D ∗
corresponding to γ).

IV. S CALABLE C ODING
In this section we apply scalable or broadcast coding [32] to
achieve performance gains relative to single-layer transmission
with a single block decoding delay. Namely, a two-layer code
for the broadcast channel can be used for the single-user
channel considered here, where the channel is modeled as
being either in a “bad” state or a “good” state with some
probability. For a target transmission rate Rt , if the channel is
in a “bad” state we have an outage and if the channel is in a
“good” state, the packet is decoded. Our goal is to achieve
some minimum information rate when the channel is bad,
while being able to get a higher rate when the channel is
good.
We therefore consider a scalable code in which the source
vector X is mapped to two indices; the first index i1 is chosen
from the set Cc = {1, ..., eKR1 } and the second index i2 is
taken from the set Cr = {1, ..., eK(R−R1 ) }. Correct decoding
of i1 ∈ Cc (the coarse layer) allows reconstruction of the
source with asymptotic distortion D1 = D(R1 ) = e−2R1 .
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Correct decoding of only index i2 ∈ Cr (the refinement layer)
results in a much greater distortion than the rate-distortion
bound, i.e., D2 > e−2(R−R1 ) . In what follows, we assume that
the index i2 alone provides no information about the source. A
Gaussian source is “successively refinable” [17], meaning that
reception of both indices i1 and i2 gives asymptotic distortion
D0 = D(R) = e−2R , which achieves the rate-distortion
bound.
In the two-layer scalable coding scheme the source is coded
into coarse and refinement indices. Each index is the input
to an optimal channel coder with code rate α, as in the
previous section. Let X̄1 , X̄2 denote the channel codewords
corresponding to indices i1 , and i2 , respectively. We assume
that X̄1 has power β1 P , 0 ≤ β1 ≤ 1, and X̄2 has power
(1 − β1 )P . The sum of the codewords X̄ = X̄1 + X̄2 , which
has power P , is transmitted through the channel. This is an
example of a superposition code [16]. In this scheme the
coarse layer has rate R1 and the refinement layer has rate
R − R1 . If the channel realization does not allow reliable
transmission at rate R1 , then the received distortion is the
source variance. If the channel does support rate R1 , then
the coarse index is decoded first, treating the refinement
codeword as noise. The codeword X̄1 is then subtracted from
the received codeword to obtain codeword X̄2 . If the channel
can support the additional rate R − R1 , then X̄2 can be
correctly decoded to give overall distortion D(R). Otherwise,
successful decoding of X̄1 alone gives distortion D(R1 ).
Let A denote the event that X̄1 is successfully decoded and
B denote the event that X̄2 is successfully decoded given that
X̄1 is successfully decoded. Then
Pr[A] =
=

 


hβ1 P
Pr C
≥ αR1
h(1 − β1 )P + N


Pr h ≥ h1thr ,

where
h1thr =

e2αR1 − 1
,
P
2αR1 ]
N [1 − (1 − β1 )e

and N is the noise power as in Section II. Note that h1thr > 0
requires
1 − (1 − β1 )e

2αR1

1
1
> 0 ⇒ R1 >
.
log
2α
1 − β1

We also have
Pr[B] =
=

 


h(1 − β1 )P
Pr C
≥ α(R − R1 )|A
N


Pr h ≥ h2thr |h ≥ h1thr ,

where
h2thr =

e2α(R−R1 ) − 1
.
P
(1 − β1 ) N

We can assume h1thr ≤ h2thr without loss of generality. Given

TABLE I
S CALABLE / SINGLE LAYER CODING RESULTS FOR SEVERAL SIGNAL TO
NOISE RATIOS γ
γ [dB]
-5
5
15
25
35

β1 ∗
0.56
0.75
0.85
0.91
0.96

R1 ∗
0.05
0.25
0.55
0.85
1.25

Two-layer
R∗
E[D]∗ [dB]
0.10
-0.41
0.45
-2.11
1.05
-5.87
1.75
-11.11
2.50
-17.12

Single-layer
R∗
E[D]∗ [dB]
0.10
-0.41
0.45
-2.04
0.90
-5.40
1.45
-9.79
2.00
-14.58

h1thr and h2thr the mean distortion is
E[D] = Pr[h > h2thr ]D(R)
+ Pr[h1thr < h < h2thr ]D(R1 ) + Pr[h < h1thr ]
 2α(R−R1 )

e
−1
= D(R) exp
γ(1 − β1 )


e2αR1 − 1
+D(R1 ) exp
γ[1 − (1 − β1 )e2αR1 ]
 2α(R−R1 )

e
−1
−D(R1 ) exp
γ(1 − β1 )



e2αR1 − 1
+ 1 − exp
, (14)
γ[1 − (1 − β1 )e2αR1 ]
where γ is the channel SNR. In Table I we compare the mean
distortion of the scalable coder (14), minimized over β1 , R1 ,
and R, with the single layer coder (4) for several values of γ
and α = 1. As γ increases, β1 ∗ , R1 ∗ and R∗ increase, and
the reduction in expected distortion achieved by the scalable
coder, relative to the single-layer coder (last column in Table
I) at optimality, increases with γ.
The probabilities of correct reception in the two-layer
scheme for γ = 15 dB are 0.70, 0.19, and 0.11 for both layers,
one layer and neither layer, respectively. In contrast, for singlelayer transmission the probability of successful decoding is
0.86. Hence two-layer scalable coding reduces the probability
of correctly receiving the entire message, as well as the
probability of a decoding failure, with respect to single-layer
coding. This allows a shift in probability mass for the twolayer scheme to the event in which only the first layer is
decoded.
V. Q ≥ 2 L AYERS
Now consider Q ≥ 2 layers, where the first i layers, 1 ≤
i ≤ Q, are assigned power βi P , and give total rate Ri if
successfully decoded (i.e., Ri ≥ Ri−1 and βi ≥ βi−1 ). Let
ΔRi  Ri − Ri−1 , which is the incremental rate associated
with layer i. The probability that the received distortion is
D(Ri ) is then the probability of successfully decoding the ith
layer, but not the {i + 1}st layer. Since the ith layer has power
Δβi  βi − βi−1 , and receives interference power (1 − βi )P
from layers i + 1 through Q, the probability of successful
decoding is πi − πi+1 , where
 


hΔβi P
πi = Pr C
≥ αΔRi
h(1 − βi )P + N


e2αΔRi − 1
1
= exp −
.
γ Δβi − (1 − βi ) [e2αΔRi − 1]
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Our problem is to
min

β1 ,...,βQ ,R1 ,...,RQ

E[D] =

Q


D(Ri ) · (πi − πi+1 ),

i=0

subject to the boundary conditions
π0 = 1, πQ+1 = 0, βQ = 1, β0 = 0, R0 = 0,
and inequality constraints
βi+1 ≥ βi , Ri+1 ≥ Ri , 1 ≥ πi ≥ πi+1 ≥ 0, i = 1, . . . , Q.
The objective function can be written as
E[D] =

Q


D(Ri ) · (πi − πi+1 ) = 1 +

i=0

Q


L(βi , Ri , Δβi , ΔRi ),

i=1

(15)

where
L(βi , Ri , Δβi , ΔRi ) = exp(−2Ri ) (1 − exp(2ΔRi )) ×


1
e2αΔRi − 1
× exp −
.
γ Δβi − (1 − βi ) [e2αΔRi − 1]

Fig. 4. Optimized power allocations for different (total) number of layers
Q (γ = 15dB, α = 1).

Necessary conditions for this optimization problem can be derived by applying standard methods from the discrete calculus
of variations [33]. However, those conditions do not appear
to be straightforward to solve, so that instead we present a
numerical solution based on dynamic programming. For the
time being, we assume a fixed terminal rate RQ = R̄. Let
VQ (βQ , RQ ) = VQ (1, R̄)
=



min
β1 , ..., βQ
R1 , ..., RQ

Q



L(βi , Ri , Δβi , ΔRi ) ,

i=1

which can be written in recursive form as
VQ (βQ , RQ )

=

min

βQ−1 ,RQ−1

{L(βQ , RQ , ΔβQ , ΔRQ )

+VQ−1 (βQ−1 , RQ−1 )} ,

(16)

which is the dynamic programming Optimality Equation (OE).
Using the OE and the boundary condition for Q = 1,
V1 (β1 , R1 ) = L(β1 , R1 , β1 , R1 ),
the optimization problem can be solved recursively in Q.
Inputs to the following algorithm are the number of layers Q,
γ, and the terminal rate R̄. We quantize the power and rate
allocation, and let δβ and δR denote the increments between
quantized values of βi and Ri , respectively. For every pair
(β1 , R1 ) where β1 = 0 : δβ : 1 and R1 = 0 : δR : R̄,3
compute the terminal condition V1 (β, R), and keep those
values in a table. From the OE we have for the second layer
V2 (β2 , R2 ) = min {L(β2 , R2 , Δβ2 , ΔR2 ) + V1 (β1 , R1 )} .
β1 ,R1

For every pair (β2 , R2 ) where β2 = 0 : δβ : 1 and R2 =
0 : δR : R̄, minimize the expression L(β2 , R2 , Δβ2 , ΔR2 ) +
V1 (β1 , R1 ) over (β1 , R1 ). For every (β2 , R2 ) we only have to
consider pairs (β1 , R1 ) such that β2 ≥ β1 and R2 ≥ R1 . This
generates a table of values for V2 (β2 , R2 ). We then increment
the layer index and repeat.
3 The

notation x = 0 : s : b means x = 0, s, 2s, . . . , b.

Note that for each layer i = 2, . . . , Q, given a particular pair
(βi , Ri ), there is a (unique) corresponding pair (βi−1 , Ri−1 ) at
layer i − 1, which minimizes the OE. The optimal sequence of
powers and rates (βi , Ri ), i = 1, . . . , Q, is then the sequence
corresponding to the minimum value VQ (βQ , RQ ). Using the
table entries, which were computed to solve the optimization
problem for Q layers, gives the solution for any number
of layers from 1 to Q − 1. However, the optimal sequence
(βi , Ri ), i = 1, . . . , Q, for Q layers does not necessarily
contain the optimal sequence for q < Q layers. This is because
of the terminal constraint on the total power, βQ = 1. We also
note that the optimized terminal rate may exceed the initial
choice of R̄. In that case, the algorithm should be rerun with
larger R̄ so that the optimized terminal rate RQ < R̄.
Let M = [1/δβ] and N = [R̄/δR] ([·] is the integer
part) be the number of quantized values of βi and Ri
(i = 1, . . . , Q), respectively. Determining the power and rate
allocations that minimize the expected distortion with Qlayer scalable coding by exhaustive search has complexity
O(M Q N Q ), whereas the dynamic programming algorithm has
complexity O(M N Q/2).
Power and rate allocations given by the preceding algorithm
for γ = 15 dB and α = 1 are shown in Figs. 4 and 5. The
optimal terminal rate converges to a finite value as the number
of layers increases. Fig. 6 shows that the minimum expected
distortion decreases and tends to a finite limit as the number
of layers increases.
VI. I NFINITE N UMBER OF L AYERS
To obtain additional insight, we consider the limiting performance in which the number of layers tends to infinity. Let
t = i/Q denote the normalized layer index. As Q → ∞, t
becomes a continous variable in (0, 1), and we assume that the
set of fractional power allocations {βi } converges uniformly
to the function β(t), and the set of rates {Ri } converges
uniformly to the function r(t), where β(t) and r(t) are twicedifferentiable. This assumption is illustrated in Fig. 7, which
shows plots of optimized power and rate allocations across
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(a)
Fig. 5. Optimized rate allocations for different (total) number of layers Q
(γ = 15dB, α = 1).

(b)

Fig. 6. Minimum expected distortion vs (total) number of layers Q (γ =
15dB, α = 1).

Fig. 7. Optimized rate and power allocations across layers for different
number of layers Q with α = 1, γ = 15dB.

conditions for optimality are [34]
layers for different numbers of layers Q with α = 1 and
γ=15 dB. It is then straightforward to show that the expected
distortion in (15) converges to

E[D] = 1 −

1

L̂(β(t), r(t), β  (t), r (t))dt,

(17)

L̂(β(t), r(t), β  (t), r (t)) = 2r (t) exp[−2r(t)] ×


1
1
× exp −
,
γ β  (t) 2αr1 (t) − [1 − β(t)]

(18)

and prime denotes derivative.
We seek to minimize the preceding expression with respect
to β(t), r(t), β  (t), and r (t). The functional L̂(β, r, β  , r )
does not depend on the layer index t, so that our problem is
autonomous [34]. Consequently, the Euler-Lagrange necessary

= L̂β  β β  + L̂β  β  β  ,

(19)

L̂r

= L̂r r r + L̂r r r ,

(20)

where L̂x = ∂ L̂/∂x, L̂xy = ∂ 2 L̂/∂x∂y, and we have the
following transversality condition since r(1) is free
L̂r (β(1), r(1), β  (1), r(1)) = 0.

0

where

L̂β

(21)

Solving these equations appears to be difficult. However,
we can obtain a closed-form solution for α = 1 in the high
SNR regime. Namely, in that case the necessary conditions
can be simplified, and we derive the approximate solution in
the appendix,



3(at + b)2/3 
β(t) = d exp −
3(at + b)2/3 + a
a
+1,
(22)
r(t)

=

3
(at + b)2/3 + c,
2a

(23)
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where
1 + W(γ)
,
2


1
1
2c − 
3
(2c)

c

=

b

=

a

= −

(24)
−3

,

1.5b2/3
,
c
2
,
γea

d =

(25)
(26)
(27)

and again W(·) denotes Lambert’s W-Function (cf Section
III). The corresponding minimum expected distortion


1
∗ .
E[D] = exp (−W(γ/2)) 1 + W(γ/2) ,
(28)
2
.
where = denotes asymptotic equality for large γ, and is
defined in the appendix. Replacing D(Ri ) by esD(Ri ) in (15),
and letting Q → ∞ gives the moment generating function for
D,
Φ(s)

(a)

= E[esD(r(t)) ]
 1
−2r(t)
sese
2r (t)e2r(t) dt
= es −

−

0

0

1

−2r(t)

1 sese
2r (t)e2r(t)
dt.
1
γ β  (t) 2r (t) − (1 − β(t))

Substituting the large SNR expressions for β(t), r(t) gives
Φ(s)

.
=


exp

s
exp(2c − 1)


+s



s
E1 − eW(γ/2)
− E1 (−s)
2eW(γ/2)

,

from which we can compute
E[D2 ]∗

=

Φ (0) = e−W(γ/2) .

Also of interest is the maximum achievable rate, assuming all
layers are successfully decoded, given by
r(1)

= R̄ =

1
W(γ/2).
2

Fig. 8 shows plots of the power and rate allocations β(t)
and r(t) for γ = 30 dB and α = 1. Also shown are
the corresponding power and rate allocations with 10 layers
obtained by solving the discrete optimization numerically.
Those results are nearly the same as the infinite-layer results.
The expected distortion for this example is approximately 15
dB (with both 10 and infinite layers).
VII. C OMPARISON
We now illustrate the preceding results by comparing the
performance of erasure and scalable codes for specific cases.
Fig. 9 shows the minimum (expected) distortion with α =
1 versus SNR γ for infinite-length erasure (11) and scalable
codes. For γ > 25 dB, the analytical results for an infinitelayer scalable code (given by (28)) are shown, and for γ < 25
dB, numerical results for 10 layers are shown. Also shown for
comparison are the analogous curves for an AWGN channel
(7), codes which achieve ergodic capacity (8), and a singlelayer channel code with no additional outer code (6).

(b)
Fig. 8. High SNR (γ = 30dB) power and rate allocations for infinite-layer
scalable coding. Results with Q = 10 layers are also shown.

These results show that at high SNRs, the (deterministic)
distortion for erasure coding is approximately 7 dB less than
the expected distortion for scalable coding. Of course, the
erasure codes also incur infinite decoding delay. The minimum
distortion for the AWGN channel is similar to that shown for
the fading channel with codes that achieve the ergodic channel.
In both cases, the distortion is much less than that for the
block fading channel with erasure codes, and the gap (in dB)
increases with SNR (although as discussed in Section III, the
distortion exponents are the same). Similarly, the gap between
single-layer coding and infinite-layer scalable coding increases
substantially at high SNRs.
Fig. 10 shows the standard deviation of the minimum
distortion versus SNR for single- and infinite-layer scalable
coding (α = 1). At low SNRs the standard deviation is small
since the received distortion is high with high probability.
As the SNR increases, the standard deviation increases until
it reaches a maximum, then decreases at high SNRs. Also
note that the standard deviation associated with infinite-layers
decreases faster at large SNRs than with a single layer.
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Fig. 9. Comparison of distortion versus SNR with five different coding
schemes.
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Fig. 11. Expected distortion versus SNR for erasure codes and infinite-layer
scalable codes with fixed standard deviation. The dotted lines indicate that the
standard deviation for the erasure code is less than that with scalable coding.

Q

1
i=1 αi ).

Letting Q → ∞ gives Δ = 1/α, which is
consistent with the large SNR result (28) with α = 1. This
exponent is shown in [13] to be optimal, and is consistent
with the discussion in Section III, which states that the same
optimal exponent is achieved with erasure coding. For singlelayer transmission (Q = 1) the preceding expression gives
Δ = 1/2, which is consistent with (6). The numerical results
in Figure 9 illustrate that the finite-SNR performance of
coding schemes with the same distortion exponents can be
significantly different.
VIII. C ONCLUSIONS

Fig. 10. Standard deviation of the minimum distortion versus SNR with
single- and infinite-layer scalable coding.

Fig. 11 compares the received distortion for scalable coding with infinite layers with the distortion corresponding to
finite-length erasure codes (as opposed to the infinite-length
performance shown in Fig. 9) for the case where α = 1.
Namely, the length of the erasure code is chosen so that the
standard deviation of the distortion is the same as that for
the scalable code. (The curve for the scalable code is the
same as that shown in Fig. 9.) Here the erasure code performs
slightly worse than the scalable code. As the SNR decreases,
the optimal rate U/V for the erasure code increases. Hence,
the minimum number of transmitted codewords V needed to
generate the results in Fig. 10 increases and the corresponding
standard deviation decreases. Because of this, for γ < 15 dB
the standard deviation for the erasure code is lower than that
for the scalable code. Still, the mean distortion for scalable
coding is less than that for erasure coding in this region.
We now compare the distortion exponents for the coding
schemes considered. The distortion exponent for
scalable codQ
ing with Q layers is given in [13], namely, Δ = i=1 α1i /(1+

We have considered the use of erasure and scalable codes
for the transmission of a continuous source through a block
fading channel. For both coding schemes the mean and standard deviation of the distortion has been computed, where
the average is over the Rayleigh channel distribution. (For the
erasure coding scheme, this average applies to finite-length
codewords.) A numerical comparison has shown that both
coding schemes offer a substantial performance improvement
relative to a basic single-layer coding scheme. Both infinitelength erasure and infinite-layer scalable coding have optimal
distortion exponents, although finite-SNR performance can be
significantly different. For a fixed distortion variance, both
coding schemes give similar minimum expected distortion.
Scalable coding appears to be more complex than erasure
coding, but it incurs a delay of only a single block.
Although we have considered a Gaussian source to simplify
the analysis, it is known that the distortion of such a source
is an upper bound on the distortion of any continuous source
with the same second moment. Hence, our results can serve
as a benchmark for the application of erasure and/or scalable
codes to any continuous source. We also remark that if instead
of a flat Rayleigh fading channel we have a frequencyselective channel, then the ergodic performance corresponding
to infinite-length codewords can be obtained with less delay by
coding across frequencies. If spatial dimensions are added to
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the model (i.e., the channel is MIMO), then another possibility,
which remains to be studied, is to combine scalable codes
with diversity schemes such as multiple description coding
[35] and the hybrid digital-analog schemes in [25]. Finally, in
a multi-user environment scalable codes offer a natural way
of transmitting information with different Quality-of-Service
requirements, whereas erasure codes do not directly address
different types of service requests.
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Optimizing over R gives for α = 1
∗
=
Rapprox

and
1
E[D]∗approx = √
1+γ

1
log(1 + γ),
4


√
 √
1+γ−1
1+γ−1
.
1−
+
γ
γ

It is easily verified that for α = 1
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A PPENDIX
We approximate a function f (x, γ) by a function g(x, γ)
for sufficiently high SNR γ, and write
.
f (x, γ) = g(x, γ)
to denote that



 f (x, γ) 

 = 1,
lim
sup
γ→∞ x∈A\{x:g(x,γ)=0}  g(x, γ) 

(29)

lim sup |f (x, γ) − g(x, γ)| = 0,

(30)

and
γ→∞ x∈A

where A is a compact subset of the positive reals. As an
example, f (x, γ) could be the distortion measure, where x
is the source rate. In that case, the second condition is clearly
satisfied for any f and g, which tend to zero as γ → ∞. The
first condition then guarantees that f and g converge to zero
at the same rate.

.
E[D(R∗ )] = min E[D] = min E[D]approx = E[D]∗approx ,
R∈A

and furthermore,
.
∗
.
R∗ = arg min E[D] = arg min E[D]approx = Rapprox
R∈A

We first illustrate the high-SNR approximation by considering single-layer transmission, discussed in Section II. In
that case, the optimized rate and associated distortion are
given by (5) and (6), respectively, for α = 1. The high-SNR
approximations are obtained by approximating the outage
probability
 


 2αR

hP
−1
e
Pr C
< αR
= 1 − exp −
N
γ
2αR
−1
. e
.
=
γ
For this approximation to hold in the sup norm we must
∗
have e2αR − 1 < γ, or R < RAWGN
= log(1 + γ)/(2α),
∗
where RAWGN
is the optimized source rate in the absence of
fading. This constraint is clearly satisfied, since fading lowers
the optimized rate. For purposes of defining the high-SNR
∗
]
approximation, we can therefore take A = [0, (1 − )RAWGN
for some sufficiently small, positive .
With this approximation the corresponding distortion


e2αR − 1
e2αR − 1
−2R
.
· 1−
E[D]approx = e
+
γ
γ

R∈A

B. Infinite Layers
In this case the expected distortion is given by the functional
(17)-(18), where the third term of the product in (18) is the
probability of successful decoding up to layer t. We again use
.
the high-SNR approximation exp(−x/γ) = 1 − x/γ, where
x satisfies (1/2α) log x ∈ A, to obtain for α = 1
 1
.
E[D] = 1 −
2r (t)e−2r(t) dt
0
 1
1
1
2r (t)e−2r(t)
+
dt.
1
 (t)
γ
β
0
2αr  (t) − (1 − β(t))
The corresponding Euler-Lagrange equations are again given
by (19)-(21), and substituting the high-SNR approximation for
the integrand gives, after some algebra, the following system
of ordinary differential equations
3β  (t)ρ (t) + (β(t) − 1)2(ρ (t))2 + β  (t)


A. Single Layer

R∈A

2 



3





(ρ (t)) β (t) + (β(t) − 1)2(ρ (t)) − αβ (t)ρ (t)

=

0,

=

0,

with initial and terminal conditions
β(0) = 0, ρ(0) = 0, β(1) = 1, 4ρ (1) = γβ  (1),
where ρ(t) = αr(t), for all t. This system of equations can
be equivalently written as a system of first-order equations
ρ = w,
x = (1 − β)2w2 − 3β  w,

β  = x,
w2 β  + (β − 1)2w3
w =
,
αβ 

with the same initial and terminal conditions. This system
yields a closed form solution only for α = 1 which is given
by (22)-(27).
Since the distortion measure is a smooth, bounded functional of γ and the power and rate allocations across layers
within the constraint set A, we expect that the approximate
high-SNR solution has the same properties as those observed
for the single-layer case. Namely, the associated minimum
distortion is a high-SNR approximation of the actual minimum
distortion according to the definition (29)-(30). Also, the
corresponding power and rate allocations should converge in
distribution to the optimal distributions.
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